Abstract. Up to equivalence, this paper classifies all the irreducible unitary representations with non-zero Dirac cohomology for the Hermitian symmetric Lie group E 6 (−14) . Along the way, we have also obtained all the fully supported irreducible unitary representations of E 6(−14) with integral infinitesimal characters.
D is K(R) invariant. Therefore, KerD, ImD, and H D (X) are once again K(R) modules.
By setting the linear functionals on t f to be zero on a f , we regard t * f as a subspace of h * f . The following Vogan conjecture was proved by Huang and Pandžić in Theorem 2.3 of [12] . See also Theorem A of [7] . Theorem 1.1. (Huang and Pandžić [12] ) Let π be an irreducible (g, K(R))-module. Assume that the Dirac cohomology of π is nonzero, and let γ ∈ t * f ⊂ h * f be any highest weight of a K(R)-type in H D (X). Then the infinitesimal character Λ of π is conjugate to γ + ρ c under the action of the Weyl group W (g, h f ).
We care the most about the case that π is unitary. Then D is self-adjoint with respect to a natural Hermitian inner product on π ⊗ S G , KerD ∩ ImD = 0, and
Dirac inequality now says that D 2 has non-negative eigenvalue on any K(R)-type of π⊗S G . Namely, writing out D 2 more carefully would lead to that
where γ is a highest weight of any K(R)-type occurring in π⊗S G . Moreover, by [13, Theorem 3.5.2] , the inequality (4) becomes equality on certain K(R)-types of π ⊗ S G if and only if H D (π) is non-vanishing.
After the work [12] , Dirac cohomology became a refined invariant for Lie group representations, and a natural problem arose: could we classify G(R) The current paper aims to achieve the classification for E 6(−14) , by which we actually mean the group E6 h in atlas. Note that atlas [28] is a software which computes many aspects of questions pertaining to Lie group representations. In particular, it detects unitarity based on the algorithm due to Adams, van Leeuwen, Trapa and Vogan in [1] . See Section 2.3 for a very brief account. Our main result is stated as follows. Table 2 ) whose spin-lowest K(R)-types are all unitarily small, and 270 strings of representations (see Tables 3-17) . Moreover, each spin-lowest K(R)-type of any representation π ∈ E 6(−14)
d occurs with multiplicity one.
In the statements above, the notion of unitarily small (u-small for short) K(R)-type was introduced by Salamanca-Riba and Vogan in [23] , while that of spin-lowest K(R)-type came from [2] . They will be recalled for E 6(−14) in Section 3.
The way that we organize the infinite set E 6(−14) d is due to Theorem A of [5] . More precisely, let (x, λ, ν) be the final atlas parameter of a representation π ∈ E 6(−14)
d
. Then π is a FS-scattered representation if the KGB element x (that is, a K-orbit of the Borel variety G/B, see Section 2.3) is fully supported, i.e., if support(x) equals [0, 1, . . . , l − 1], where l is the rank of G. Otherwise, π will be merged into a string of representations.
Since the group E 6(−14) is Hermitian symmetric, thanks to the work of Kostant [17] , all of its irreducible unitary highest weight modules belong to E 6(−14) d . Note that these latter representations have been classified by Enright, Howe, and Wallach [9] , and they have attracted attention even from mathematical physicists. Our classification will offer representations other than the unitary highest weight ones. Along the way, we also meet some unitary representations with zero Dirac cohomology, yet their infinitesimal characters are irregular and rather small. It is conceivable that they should also be very interesting for understanding the entire unitary dual of E 6(−14) . Thus we record them in Table 1 , and it is worth mentioning the following. Corollary 1.3. All the fully supported irreducible unitary representations of E 6(−14) with integral infinitesimal characters are exhausted by Tables 1 and 2 .
Many calculations lead us to make the following speculation.
Conjecture 1.4. Let Λ = l i=1 n i ζ i ∈ h * f be the infinitesimal character of any fully supported representation in G(R), where each n i is a nonnegative integer. Then we must have n i = 0 or 1 for every 1 ≤ i ≤ l.
The paper is organized as follows. We recall necessary background in Section 2, and review the structure of E 6(−14) in Section 3. Then we report the FS-scattered members of E 6(−14) d in Section 4, and the strings of E 6(−14) d in Section 5. A few examples will be illustrated carefully in Section 6. We have built up several Mathematica files to facilitate the using of atlas for the group E 6(−14) . One of them is available via the link https://www.researchgate.net/publication/331629415_EIII-ScatteredPart
The codes there have been explained carefully so that an interested reader can understand them without much difficulty.
Preliminaries
This section aims to collect necessary preliminaries.
2.1. atlas height and lambda norm. We adopt the basic notation G, θ, K, etc., as in the introduction. Let H f = T f A f be the θ-stable fundamental Cartan subgroup for G. Then T f is a maximal torus of K. Put h f = t f + a f as the Cartan decomposition on the complexified Lie algebras Level. Recall that a non-degenerate invariant symmetric bilinear form B(·, ·) has been fixed on g. Its restrictions to k, p, etc., will also be denoted by B(·, ·).
We denote by ∆(g, h f ) (resp., ∆(g, t f )) the root system of g with respect to h f (resp., t f ). The root system of k with respect to t f is denoted by ∆(k, t f ). Note that ∆(g, h f ) and ∆(k, t f ) are reduced, while ∆(g, t f ) is not reduced in general. The Weyl groups for these root systems will be denoted by W (g, h f ), W (g, t f ) and W (k, t f ).
We fix compatible choices of positive roots ∆ + (g, h f ) and ∆ + (g, t f ) so that a positive root in ∆(g, h f ) restricts to a positive root in ∆(g, t f ). Note that ∆ + (g, t f ) is a union of the set of positive compact roots ∆ + (k, t f ) and the set of positive noncompact roots ∆ + (p, t f ). As usual, we denote by ρ (resp. ρ c , ρ n ) the half sum of roots in ∆ + (g, h f ) (resp. ∆ + (k, t f ), ∆ + (p, t f )). Then ρ, ρ c , ρ n are in it * f,0 and ρ n = ρ − ρ c . Let us simply refer to a k-type by its highest weight µ. Choose a positive root system (∆ + ) ′ (g, h f ) making µ + 2ρ c dominant. Let ρ ′ be the half sum of roots in (∆ + ) ′ (g, h f ). After [23] , we put λ a (µ) as the projection of µ + 2ρ c − ρ ′ to the dominant Weyl chamber of
Here · is the norm on it * f,0 induced from the form B(·, ·). It turns out that this number is independent of the choice of (∆ + ) ′ (g, h f ), and it is the lambda norm of the k-type µ [25] . The atlas height of µ can be computed via (6) 
Here ·, · is the natural pairing between roots and co-roots.
Cohomological induction.
Let q = l ⊕ u be a θ-stable parabolic subalgebra of g with Levi factor l and nilpotent radical u. Set L(R) = N G(R) (q). Let us arrange the positive root systems in a compatible way, that is,
. Let ρ L denote the half sum of roots in ∆ + (l, h f ), and denote by ρ(u) (resp., ρ(u ∩ p)) the half sum of roots in ∆(u, h f ) (resp., ∆(u ∩ p, h f )). Then
, where j is a nonnegative integer. Suppose that Z has infinitesimal character λ L ∈ h * f . After [18] , we say that Z is good or in good range if (8) Re
We say that Z is weakly good if 
is nonzero, and it is unitary if and only if Z is unitary.
Let X be an irreducible (g, K)-module with real infinitesimal character Λ ∈ h * f which is dominant for ∆ + (g, h f ). After [22] , we say that X is strongly regular if
Theorem 2.2. (Salamanca-Riba [22] ) Let X be a strongly regular irreducible (g, K)-module. Then X is unitary if and only if it is a A q (λ) module in the good range.
Recall that a formula for Dirac cohomology of cohomologically induced modules has been obtained in [7] whenever the inducing module is weakly good. As a consequence of Theorem B there, we have the following.
is non-zero if and only if that H D (Z) is non-zero and that there exists a highest weight
2.3. The software atlas. Let us recall necessary notation from [1] regarding the Langlands parameters in the software atlas [28] . Let H be a maximal torus of G. That is, H is a maximal connected abelian subgroup of G consisting of diagonalizable matrices. Note that H is complex connected reductive algebraic. Its character lattice is the group of algebraic homomorphisms
Choose a Borel subgroup B ⊃ H. In atlas, an irreducible (g, K)-module π is parameterized by a final parameter p = (x, λ, ν) via the Langlands classification, where x is a K-orbit of the Borel variety G/B, λ ∈ X * + ρ and ν ∈ (X * ) −θ ⊗ Z C. We will simply refer to x as a KGB element. For the parameter p to be final, there are further requirements on x, λ and ν.
We refer the reader to [1] for a rigorous definition. In such a case, the infinitesimal character of π is
Note that the Cartan involution θ now becomes θ x -the involution of x, which is given by the command involution(x) in atlas. Some atlas commands that we shall need in the current article will be illustrated in Section 3.7. For how to do cohomological induction in atlas, the reader may refer to Paul's lecture [19] or Section 2.4 of [5] .
3. The structure of E 6(−14)
From now on, we will fix the group G(R) as E 6(−14) , by which we actually mean the group E6 h in atlas. This group is connected, with center Z/3Z, but not simply connected. Its Lie algebra g 0 is labelled as EIII in [16, Appendix C] . We present the Vogan diagram for g 0 in Fig. 1 , where α 1 = 1 2 (1, −1, −1, −1, −1, −1, −1, 1), α 2 = e 1 + e 2 and α i = e i−1 − e i−2 for 3 ≤ i ≤ 6. Let ζ 1 , . . . , ζ 6 ∈ t * f be the corresponding fundamental weights for ∆ + (g, t f ), where t f ⊂ k is the fundamental Cartan subalgebra of g. The dual space t * f will be identified with t f under the form B(·, ·). Put (12) ζ :
Note that ρ = (0, 1, 2, 3, 4, −4, −4, 4).
We will use {ζ 1 , . . . , ζ 6 } as a basis to express the atlas parameters λ, ν and the infinitesimal character Λ. More precisely, in such cases, [a, b, c, d, e, f ] will stand for the vector aζ 1 + · · · + f ζ 6 . For instance, the trivial representation of E 6(−14) has infinitesimal character ρ = [1, 1, 1, 1, 1, 1].
Denote by γ i = α i+1 for 1 ≤ i ≤ 5. Let t 
and p − has highest weight −α 1 . Both of them have dimension 16. Thus
This is how the number −14 enters the name E 6(−14) , see [11] .
Let E µ be the k-type with highest weight µ. We will use {̟ 1 , . . . , ̟ 5 , 
We enumerate its elements as w (0) = e, . . . , w (26) , and put ρ
The spin norm of the k-type E µ introduced in [2] now specializes as (15) µ spin := min
Here {µ − ρ (j) n } denotes the unique vector in the dominant chamber for ∆ + (k, t f ) to which µ − ρ (j) n is conjugate under the action of W (k, t f ). Given a Harish-Chandra module π of E 6(−14) , we define its spin norm as
where µ runs over all the K(R)-types of π. We call µ a spin-lowest K(R)-type of π if it occurs in π and that µ spin = π spin .
When π is unitary and has infinitesimal character Λ, the Dirac inequality (4) guarantees that (16) π spin ≥ Λ .
By Theorem 3.5.2 of [13] , the equality happens if and only if H D (π) is non-vanishing; moreover, in such a case, it is exactly the spin-lowest K(R)-types of π that contribute to H D (π).
3.2.
Lambda norm and spin norm of the trivial K(R)-type. This subsection aims to explicitly compute the lambda norm and the spin norm of the trivial K(R)-type.
Example 3.1. Let µ be the highest weight of the trivial K(R)-type of E 6(−14) . Then
is dominant with respect to the positive root system
where s i stands for the simple reflection s α i . Let ρ ′ be the half sum of the positive roots in (∆ + ) ′ (g, t f ), and let ζ ′ 1 , . . . , ζ ′ 6 be the corresponding fundamental weights. Then one computes that
Moreover, its distance to an arbitrary point aζ 
Under the constraints that a, . . . , f are all non-negative real numbers, one computes that the minimum distance is attained at the point
Then it follows that
and that µ has atlas height 38. Moreover,
3.3. Integral infinitesimal characters. This subsection aims to show that it suffices to focus on integral infinitesimal characters to achieve the classification of
Let Λ be the infinitesimal character of any representation in E 6(−14)
d . Then Λ must have integer coordinates with respect to the basis ζ 1 , . . . , ζ 6 of t * f .
Proof. Take any π ∈ E 6(−14)
where
It is direct to check that the coordinates of any ρ (j) n , or any γ i , or ρ c with respect to {̟ 1 , . . . , ̟ 5 , 1 4 ζ} satisfy (14) . Since E µ is assumed to be a K(R)-type, it follows that the coordinates [a, b, c, d, e, f ] of {µ − ρ (j) n } + ρ c meet the requirement (14) . Now the desired conclusion follows from the fact that
Due to the above proposition, for the rest of this article, we always use Λ ∈ t * to denote a dominant integral infinitesimal character. That is,
KGB elements of E 6(−14)
. The group E6 h has 513 KGB elements in total, among which 170 are fully supported. The indices for the latter KGB elements are listed below. For any KGB element x, recall that θ x is the involution of x given by the command involution(x). Take an arbitrary Λ from (17) . It is direct to check that whenever x is fully supported, Λ − θ x Λ 2 is a homogeneous quadratic polynomial in terms of a, . . . , f such that the coefficients of a 2 , . . . , f 2 are positive, and that the coefficients of ab, . . . , ef are nonnegative. As a direct consequence, we have the following. 3.5. u-small K(R)-types. The notion of u-small k-type was introduced in [23] . It has many equivalent characterizations. Let us recall the one stated in Theorem 6.7(d) of [23] for E 6(−14) as follows. See also Lemma 4.4 of [5] .
Based on the above lemma, one enumerates that there are 3153 u-small K(R)-types in total. Let us collect all those Λ in (17) such that Λ is conjugate to {µ − ρ (j) n } + ρ c under the action of W (g, t f ) for some 0 ≤ j ≤ 26 and some u-small K(R)-type E µ , and that Λ is not strongly regular as Ω 2 . It turns out that Ω 2 consists of 1976 elements and that Ω 2 ⊂ Ω. 
and set (20)
Note that |Ω 1 | = 17589, |Ω 3 | = 26131, and that we have the following partition of Ω:
3.7. Some basic atlas commands. For any Λ ∈ t * f , collect all the irreducible representations of E 6(−14) with infinitesimal character Λ as Π(Λ). By a foundational result of HarishChandra, Π(Λ) must be a finite set. Collect the fully supported members of Π(Λ) as Π fs (Λ). Denote by Π u (Λ) the unitary representations in Π(Λ), and put Π fs u (Λ) := Π fs (Λ) ∩ Π u (Λ). The first command sets up the group E6 h in the memory, while the second one builds up the set Π(Λ). The third command counts the cardinality of Π(Λ), which is seven according to its output. The last command tests the unitarity for each representation in Π(Λ), and prints all the members of Π u (Λ), which turns out to be five in total. Note that Π fs u (Λ) is empty since none of the KGB elements #97, #52, #45, #9, #0 is fully supported, cf. Section 3.4. 
Moreover, thanks to Theorem 2.2, it suffices to consider the case that Λ is not strongly regular. Therefore, Λ must belong to the set Ω defined in (18) . This allows us to enumerate the FS-scattered members of E 6(−14) d after considering finitely many candidate representations. To be more precise, it remains to single out the unitary ones in Λ∈Ω Π fs (Λ), and check whether they have Dirac cohomology or not one by one using the method described at step (e) of [5, Section 8] .
To make the calculation efficient, we shall use Dirac inequality and the partition (21) . Since the group E 6(−14) is Hermitian symmetric, the K(R)-types of π may not be a union of Vogan pencils (cf. Lemma 3.4 of [24] ). See Example 6.1. Thus unlike [6] or [4] , we can no longer use the distribution of the spin norm along Vogan pencils to further improve the computing efficiency. All the members of Λ∈Ω 1 Π fs u (Λ) are presented in Table 1 . These representations are arranged into twelve parts, with each part having the same infinitesimal character. Using the above argument, one sees that all of them have zero Dirac cohomology. Thus the set Ω 1 contributes no FS-scattered modules to E 6(−14) d as well.
4.3. The set Ω 2 . We adopt the same method as that of Ω 3 . This time, for Λ ∈ Ω 2 , unlike the case of Ω 3 , one could meet non-empty Π fs u (Λ); moreover, unlike the case of Ω 1 , all of them have non-vanishing Dirac cohomology. Some concrete examples will be given in Section 6. [0, 0,
Summing up the calculations in the three subsections, we conclude that Λ∈Ω 3 Π fs u (Λ) are precisely all the FS-scattered members of E 6(−14)
d . We collect them in Table 2 . These representations are arranged into nine parts according to their infinitesimal characters, which are presented below: 1, 1, 1, 0, 1], [1, 1, 1, 0, 1, 1], [1, 1, 0, 1, 1, 1], [1, 0, 0, 1, 1, 1], [0, 1, 1, 0, 1, 1],   [1, 1, 0, 1, 0, 1], [1, 1, 1, 0, 1, 0], [1, 0, 1, 1, 0, 1], [1, 1, 1, 1, 1, 1] . 1, 2, 1, 1, −1, 3] [0, Note that the last column of Table 2 presents all the spin-lowest K(R)-types, which always occur with multiplicity one, of the corresponding representation. Note further that the forth entry in Table 2 is the Wallach representation (see Example 6.3 for more details), while the last entry is the trivial representation.
Strings of E 6(−14)
d
In this section, we will report all the strings of E 6(−14) Tables 2-17, Therefore, in the search of the previous section, if we enlarge our attention to the set Π u (Λ) instead of Π fs u (Λ), then we shall meet some starting members of each string. Thus there are two remaining tasks: to explicitly pin down the places where each string starts, and to show that each string has no hole.
We can only handle the first task case by case. To be more precise, in each table, the last column presents the spin-lowest K(R)-types, which always show up exactly once in the corresponding representation, using the basis {̟ 1 , . . . , ̟ 5 , For the second task, we need some argument to show that every representation described in any string belongs to E 6(−14) d . Example 5.2 in Section 5.5 considers the string with #x = 220, the other ones can be handled similarly.
The strings of E 6(−14)
d with |supp(x)| = 0. Let us present all the irreducible tempered representations with non-zero Dirac cohomology for E 6(−14) in Table 3 . Here 0 ≤ #x ≤ 26, θ x is always the identity matrix, and ν is always [0, 0, 0, 0, 0, 0]. Moreover, λ = Λ is as in (17) , with further requirements put immediately after each spin-lowest K(R)-type. For instance, we interpret "a, b, c + d, d + e, e + f ≥ 1" in the first row of Table 3 as a short way for
Corollary 5.1. All the K(R)-types of E 6(−14) whose spin norm equal to their lambda norm are exactly the ones in the second column of Table 3 .
Proof. Note that the strings in Table 3 are precisely all the irreducible tempered representations of E 6(−14) with non-zero Dirac cohomology. The result follows from Theorem 1.2 of [3] . 78 [a, b, c, d, 1, 1] [0, 0, 0, −1, 76 [a, b, c, d, 1, 1] [0, 0, 0, −1, 
Let ζ b,f −1 be the unitary character of L(R) with differential bζ 2 + (f − 1)ζ 6 . Since Λ b,f − Λ 0,1 is dominant for ∆(u, t f ), by Theorem 7.237 of [18] , we have that Here ψ
is the translation functor, and 
. Due to our choices of b and f , and the compatibility of ∆ + (g, t f ) and ∆ + (k, t f ), the weight 
Examples
This section aims to look at some representations from E 6(−14) d more closely. 
Let us keep the notation for G(R) := E 6(−14) as in Section 3. Then q := k + p + is a maximal θ-stable parabolic subalgebra of g. Let E µ be the K(R)-type with highest weight µ ∈ t * f . Form the generalized Verma module
Let L(µ) denote the irreducible quotient of N (µ). Those unitarizable L(µ) are called (irreducible) unitary highest weight modules. They were classified in [9] , and were known to have nonvanishing Dirac cohomology [17] . Moreover, the Dirac cohomology of them can be explicitly computed via Theorem 2.2 of [8] and Theorem 7.11 of [15] . As examples, let us recall a family of unitary highest weight modules from Corollary 12.6 [9] . Put
, where z ∈ Z >0 . Table 2 .
To compute Dirac cohomology, again it suffices to look at its K(R)-types up to the atlas height 114: 
